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This article was published in May 2011 on the sitéhe “Fédération Francaise des Jeux

Mathématiques” (French Federation of Mathematican@es): FFJM.

» Statement of the problem

The problem consists in placifhggueens on the N x N board so as to maximize U(i),

number of unattacked (free) squares.

* History of the problem

As far as we know this problem of placement wes fimentionned by Walter W. ROUSE

BALL in his book "Mathematical Recreations and Reots of Past and Present Times",

Mac Millin, 3rd edition, 1896 (this book was reuwisand enlarged by H. S. M.COXETER and

republished by Dover ed ; the 13th edition appeard®87). W. ROUSE BALL wrote :

"Captain TURTON first called my attention ... to p¢a® queens on a chessboard, so as to

command the fewest possible squares. For exanfpdeght queens are placed on cells 21,

22,62,71,73,77, 82, 87, eleven cells of thadaall not be in check. The same number can

be obtained by other arrangements. Is it possibjgace the eight queens so as to leave more

than eleven cells out of check? | have never suleka doing so, neithém showing that it

Is impossible to do it". Here is the placement GfURSE BALL :

123456738
Ulujlu| |U|1

QQ 2
ul U] |U|3

U ul4

Ul |U|5

Q 6
Q 1Q Ql |7
Q Ql |8

We will see further that U(8) = 11 is actually thheximal number of unattacked squares, and
there are 7 « basic » solutions (not counting pheses obtained by symmetry or rotation).

Other authors early mentionned this problem :

- Wilhelm E. AHRENS, "Mathematische Unterhaltunglerd Spiele", Teubner,
Leipzig, 1901 (it can now be read online).

- Italo GHERSI, « Mathematica dilettevole curiosateepli, Milan 1913 (reedited by
Hoepli in 1990).

- Of course, Henry E.DUDENEY dealt with this prable see « Amusements in
mathematics », Nelson and sons, 1917 (reedited nmaeg by Dover from 1958),
problem n°316 "The Amazons". DUDENEY mentions :fill\lwazard the statement
that 8 queens cannot be places on the chessboasitsdeave more than 11 squares
unattacked. It is true that we have no rigid prafathis yet, but | have entirely
convinced myself of the truth of the statement.r&lee at least 5 different ways [to
do so]".

Actually we illustrate further the 7 different basvays to do so.
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“Basic” means that all the other solutions can ééuted from these 7 basic ones, by
symmetry and/or rotation.

During the 1970’s Stephen AINLEY found placementsng the results below :

10 12 14 18 19 2P

N 4
1

5 6
UNN) |1 3 5

7
7 22 36 56 111 132 186

These values were later shown to be optimal #rdH, and are presumed optimal foelN7.
S. AINLEY published the book : « Mathematical Peszb, G. BELL and sons, U.K. 1977
and contributed several times to Martin GARDNER3umn in the « Scientific American »
(June 1972, Feb 1978, etc).

In the Argentinian review « El Acertijo », # 6 (13)3wo solutions were published :
For N =9, U(9) = 18, by Diego BRACAMONTE.

For N =11, U(11) = 30, by Rodolfo KURCHAN.

Further publications in « El acertijo » appeared#il3 (1994) and # 15 (1996).
Also in : « Los Acertijeros Boletin » R.KURCHAN,26 (1997).

From 1995, Mario VELUCCHI of Pisa (ltaly) systenatily studied the problem ; He
established that the known values of U(N) for N<drg, optimal ; He also gave placements
believed to be optimal for 1£ N < 22. He later continued this work for 23N < 30,
together with Johan CLAES and Mioshi NAGAI (Japdn)t whithout proof of optimality.
He also gave the numbers of equivalent optimaltswia (« variants ») for N 16, cf the
french review “Jouer Jeux Mathématiques”, n°19.

These results were to be published in the J.R.B8/# (1996-97) ... but did not appear ;
moreover most of them are not (or no longer) agib&son the Internet (in particular the
corresponding placements of the N queens leaviiN) Ufattacked squares) :

Only partial result can be found in N.J.A SLOANK<{ine Encyclopedia of Integer
Sequences ; OEIS Foundation : A001366 is a tadtiadi UCN) for N = 1 to 30, (see also

« Revision history for AO01366 ») but these pagesak give the corresponding placements
of the queens.

e Aim of this article
Our intention in this article is to fill the gapsdainvestigate placements for larger boards :

- Show the optimal placements of N Queens on tkd\\board, with all their possible
variants for N< 16 (we recreated results of M.\VELUCCHI et al.).

- Show some best known placements fag IN/< 30 with several variants.
Actually boards with size N= 19 are treated in part II.
- Extend the problem for 3% N < 45 : in part Il we give « good » placements (with
variants) ; Most are thought to be optimal : a ldmgje for future followers !
- Provide an « asymptotic » study for the behavageveral heuristics.
N.B : this research work was done in a spirit afeational mathematics (only using
computer-aided human intelligence !). This optirtia problem can be modelled and solved

using a 0-1 linear program (cf Part 1) for N nobtlarge.
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N=4:THE 25 SOLUTIONS : U(4) =1

Ql 1Q Q U Q U QlQ
Ql |Q Q Q QIQ Q
U Q Ul |Ql |Q QlQ
U QIQ QL Q] [Q Q U
1 2 3 4 5 6
SYMETRICAL
Ql 1Q QlQ U Q Q Ql Q] 1Q
Q Q Q U QlQ
Ql |Q Ql 1Q |Q Q U
U U QIQ U Ql 1Q
7 8 9 10 11 12
SYMETRICAL
Q QlQ Q U Q Q
Q U Ul |Q Q Ql |Q
QlQ Q QIQ Ql Q] [QIQ Q
U Q Q Q U U
13 14 15 16 17 18
SYMETRICAL
QlQ Q Q Ql [Q] Q] |Q Q
Q Q Q Q Q U
Q U QIQ U Ul 1Q
U QIQ U Q Q Ql 1Q
19 20 21 22 23 24
SYMETRICAL
U
Q
Ql [Q
Q
25

* There are 4 symetrical solutions : n°8, 17, 24, 2

 There is only one solution for which the unatetk« free ») square is not on an edge of the
board : n°24. [as pointed out by Mr Alain Joisel).



N =5 : THE SOLUTION (UNIQUE) : U(5) = 3

N =6:THE 3 SOLUTIONS ; U(6) =5

Q Q Ql |Q Q 1Q/Q
QQ Q Ql 1Q Q
Q U Ql 1Q

U ul [u U
U U Q|Q U U
ulu ul |u U U

N=7: 38 SOLUTIONS ; U(7)=7

This is a very patrticular case since U(N) = N forN ; So one can deduce from any solution
S another one : S*. Just replace each queen ofdd lbyattacked (« free ») square in S* ;
reciprocally, each free square of S is replaced Quyeen in S*. Hence we show below only
19 of the 38 solutions : the 19 solutions thatremeshown here can be deduced from the 19
solutions shown below, using the transformatiot» $*.



QIQ| |Q Q Q |Q [Q Q QIQ| |Q
Q Q Q U Q
U ul [u ul [ul u Q
Q| |a ul [u U U
U Q Q |Q Q U U
U U ululu ulu U
U ul [u] |o Q| |0 Q ulu U
1 2 3 4
Q| 1Q|Q Q Q|Q QQ Q
Q Q Q Q Q
Q| |Q Q| [Q Q QQ Q Q
U Q Q Q
U U U U ulu U
U U U U U ulu U ulu
U U ulu U U U ulu U
5 6 7 8
Ql |Q Q Q Q Q Q Q
Uiy [Q|Q Q QlQ Q Q Q
QIQ| |Q Q|Q Q Q
QlQ ul |u ul [u U
ul |u ul [Q U
U U U ulu U ulu
U U ulu ulu ululu
9 10 11 12
QlQ QlQ Q Q|Q Q Q Q|Q
QlQ Q|Q Q QQ Q Q Q
Q Q Q Q
U U ul [u
U U ul o U U
ulu ulu U ulu U ulu U
ulu ulu ulu ulu
13 14 15 16
QlQ Q Q Q QQ Q U U
Q|Q Q Q Q Q|Q Q uu U
Q Q Q Q U
U Q U Q
U U ul [u U U Q Q
ulu U U ulu Q Q
ulu ulu| |u ulu Q Q
17 18 19 19%

An example of the transformation-3 S* is given above : 19 19*




8 QUEENS ON 8 x 8 BOARD LEAVING U(8) = 11 FREE SQUARES :

DUDENEY'S SOL.

Q QlQ Q QlQ QIQIQ
QlQ Q Q Q[Q U
QIQ Q Q Q
U Q Q
ulu U U Ql |Q
U ulu U Ulu ulu
uju U ulu U U Uju
ulu uju U U U
SYMETRICAL

ROUSE BALL’S SOL

Q Q Ql 1Q Q|Q
Ql 1Q Q Uujuju Q Q|Q
Q Q Q QQ
uj| |U QlQ Q
U U Q/Q U
ul [ul |u ulul [u U ulu
Q/Q ulu ulu ulu
ululu| |u U ulu ulu U
SYMETRICAL
Q Q
QQ Q
Q|Q 7 BASIC SOLUTIONS
Q
ulu
U ulu
ulu U
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FOR N =9 AND FOR N =10 IS THE SOLUTION UNIQUE :

Q Ql 1Q Q Q
Uj/ulu QlQ Q
Q Ql 1Q QIQ|Q
u Ju QlQ
U U U U UjuU Uju
U U U U Uju
U U U U U UluU
U U Uuju UluU
Q Q Q Ululu U
U(9) = 18 free squares Uluju|lu
u(10) = 22

Notice the pattern for N = 9Non AdjacentQueens placed in thecorners of the board. It is
first one of a long series .We call it :4NAQ

THE TWO SOLUTIONS FOR N =11

U (11) = 30
Q| |Q Q Ql |Q Ql |Q
Ulujuju|u Ululu
Q| |Q Q Ql |Q Q| |Q
Ul (Ul |u ul (U
ul (Ul (U] |U| |u ul |ul |u| |U| |uU
U Ul |U| |UU U Ul |U U
ul (Ul (U] U] |u ul |ul |u| |uU| |uU
Ul |U| |u ul (U
Q Q Ql |Q Q
Uluju| |u Ululu
Ql 1Q Q U U| (UjU|U| |U

PatterrdNAQ appears again (non adjacent queens placed indhedoners). The second
solution uses a variant of this pattern.



THE SEVEN SOLUTIONS FOR N =12 :U(12) = 36

QlQ

QIQ

9)

Uuuuju

9]

Uuujuu

uuuu

u

uuuuuu

QlQ

QIQ

QlQ

QlQ

QlQ
QlQ

9)

u

U

u

u

u

u

u

u

u

uuuju

Uuujuju

Uulu

9)

U uuuuu

Uulujujuju

Uuju

9)

Uuiyujuu

QlQ

QlQ

QlQ
QlQ

=22

This pattern "1NAQ" will
be also used for N

U
U
u
u

u
u
u
U

u

Uju

u

uuuu
Uuujuu
uuuu

QlQ

QQ|Q

QlQ

QIQ|Q

u

uuuju

Ujujuju|u

U uujuuu

u

Uuju
Uuju

Uuujuju

Uuujuju

QIQ|Q

QlQ

QIQIQ

QIQIQIQ




QlQ Q
QIQIQ Q
QIQIQ
QlQ
uju| |UJU
Ul |UlUU
Ulu|uU
Ulu Ululu
UjulU uju
Ujujuju U
UlUjU|U|U
Ujuju|ufu

Solutions 1,2 and 3 use the pattedAQ and are symmetrical.
Solution 5 uses the patterdAQ” : a group of adjacent queens is placed in a corne
These patterns will often repeat in the following.

THE SOLUTION FOR N =13

U(13) = 47
Ql 1Q Ql |Q
U[U/U|UJU
Q Ql 1Q
Ul Ul U
ul [Ul |Ul JU| Ul U
Ul [UlU| Ul |U U
Ul [Ul |U] JU| Ul U
U Ul Ul U U
Ul [Ul |U] JU| Ul U
Ul |UlUJU
Ql 1Q Q
UlUlUluUjuu
Ql 1Q Q

pattern : 4ANAQ



THE FOUR SOLUTIONS FOR N =14 ; U(14) = 56

1 4NAQ 2 1AQ
Ql IQ Ql IQ QIQIQ
Ulu/ujuju|u QQIQ|Q
Q Q |Q QQIQIQ
U UujuU U QIQ|IQ
U U U U U U U/u |U/UJUJU|U
U Ulu U U U |Uu/uju|u
U Ulu U U Uu/uujuju
U U U U U U Ujuju|u
U U U U U Uulu uluju
U U U Uju U U Uju|lu ulu
U Uulujuju Ujujuju U
Q Q Q Q Uu/lu/uju|u
U/u/ujuju|u Uululujujujlu
Q Q Q U/u/uju |UjU|lU
second diagonal symmetry
U(14) = 56
4 4AQ 3 4AQ
QlQ QlQ QlQ QlQ
Q Q QlQ Q
U/u/ujuju|u Ujujujuju |U
U Uululuju U Uuujuju U
ulu UlU Uju U UujuU Uju
Uululu Ululu Ulu Uj/ulu
Uu/uju|lu UlulujuU Ulu|U Ulujuju
Uuluju Ululu Ujlu|U Ul/ulu
ulu UuluU Ulu Ulu U Uulu
U Uululuju U U Ujulu U
U/u/ujuju|u Ujujujuju
Q Q U/U/U|UJU|U |U
QlQ QlQ QlQ QlQ
Q Q Q QlQ

vertical axial symmetry

First diagonal symmetry

Three (of the four) patterns seen before providara solutions for N = 14 :

ANAQ, 1AQ, 4AQ.
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THE THREE SOLUTIONS FOR N =15

It is remarkable that placing 16 queg¢dAdetrads of non adjacent quekimsthe four corners

of the 15 x 15 board (i.e. 16 queens), leaves dareg unattacked .

Hence removing one of the four queens from a tdtvattom right for example), also leaves
72 free squares. This leads to four placement$® gfukens on the 15 x 15 board, with U(15)
= 72 free « basic » squares. But two of these iagements are symmetrical. Finally one
obtains 3 independent solutions with removing thee in position 1, or 2, or 3 below :

U(15) = 72

uyuuuuuju

U uuu U

U U U U U U U
U U U U U U
U U U U U U U
U Uulu U U Uulu U
U U U U U U U
U U U U U U
U U U U U U U
U Uulu|u U
Ql 1Q 1] |2
vuvuujujyjuju
Ql 1Q Ql [3
pattern4NAQ
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THE SOLUTION FOR N =16

The optimum placement with U(16) = 82 is unique :

U(16) = 82
ul Jululu] Ju
Ql |Q Ql 1Q
ululululululu
Ql |Q Ql 1Q
ul [ululu| [u
ul [ul [u] Ju] Jul [u] Jul Ju
U ul [ul [ul [u U
ul [ul Ju| Ju] Ju] Ju] Jul Ju
ul [ulu] Ju] Ju] Julu] Jul Ju
ul [ul Jul Jul Jul Tul Tul Tu
U ul [ul [ul [u U
ul [ul Ju] Ju] Jul [u] Tul Ju
ul [ululu| [u
Ql |Q Ql 1Q
uUlulu|u|ululu
Ql 1Q Ql 1Q

This symmeditipattern is a variant dNAQ

For N> 17, the following placements of N queens are adnjed to be optimal. So far we
have not proved their optimality. We do not knowher the numbers of different basic
“optimal’ placements.

A SOLUTION FOR N =17

U(17) =97
Ql [Q Ql 1Q
uvujujujujujuju
Ql [Q Ql 1Q
U Uuujujuju U
U U U uluju U U U
U U U U U U U
U U U U U U U U
U uu U U U UluU U
U uuju U U uuju U
U uu U U U Ulu U
U U U U U U U U
U U U U U U
Q o
U uuujuju U
Ql [Q Ql 1Q
U Uujuluujuju
Ql [Q Ql 1Q
Pattern4ANAQ
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N.B : if a queen is placed on the black spot abawd,placing the 4 groups of queens in the
corners of the 18 x 18 board, the solution obtaisett optimal FOR N = 18 : it gives
U = 106. Below we give two placements with U(18)H, conjectured to be optimal.

TWO SOLUTIONS FOR N =18

U(18) =111
QlQ Q|Q
QIQIQ Q
Uuju|UjUjujujujujuiu
U (UuUjujujujuj|u U
Uulujujujuju uju
U Uulujuju Uuluju
ulu uju Uujujuju
Uujuju uljujujuu
uljuju (U Uulujujujuju
uljuju (U ujujujuu
Uluju U Uujujuju
ulu Uluju Uuluju
U Uulujujuiu uju
uujujujujulu U
Uuju |UjUjlUjuju|uju
Q|Q Q
QlQ Q|Q
Q QlQ
pattern : 4AQ
QIQIQ|Q
QIQIQ|Q|Q
QQIQIQ
QIQ[Q
QlQ
uj/ujujujujujuju
U/ujujujujujulu
U ulujujujujuiu
ulu Uuu/ujujuju
Uuluju Uujujujuju
Uulujuju Uujujuju
Uulujujuju ujuju
Ulujujujuju ulu
Uulujujujuju|uU U
ulujujujujujuiu
ulujujujujujujuju
ulujujujujujujujuiju
U Uujujujujujujujuju

pattern : 1AQ
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« ADDENDUM

Shortly after the publication of this article oretsite of the FFIM, Johan Claes sent us three
other placements for N = 18. Two of them P1 anéife2variants o1AQ ; 14 queens have

the same placements in P1 and P2 : 11, 12, 2P 31, 32, 33, 34, 42, 43, 44, 53, 54. For
P1 : place 4 queens on squares 12, 24, 46 anb®.2F place 4 queens on squares 14, 25,
45 and 55. Last : placement P3 uses patt&Q ; it can be deduced from the first solution
shown above for N = 18 by moving the three quekasdre placed on the diagonal that is
just above the second diagonal of the board (1672 ; 17,1) to their symmetrical position
with respects to the second diagonal (2,18 ; 32,18).

*« SUMMARY

N 4| 5] 6 7 8 9 10, 11 12 13 14 15 16 L7 18
U (N) 1/3]|5 7 | 11|18 | 22| 30| 36| 47 | 56| 72| 82 | 97 | 111
nbsol.|25| 1| 3| 38| 7 1 1 2 7 1 4 3 1 1 | 2+3

N.B : the numbers of “basic” solutions for & 16 were given by Mr.Velucchi, but he did not
publish all of them. For N=17 and N = 18 these neralare only provisional.

END OF PART |
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